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Abstract
Generalizing an example of Gue´ritaud-Kassel ([Geom.Topol.2017]), we construct
a family of infinitely generated groups Γ acting isometrically and properly discon-
tinuously on the 3-dimensional anti-de Sitter space AdS3. These groups are “non-
sharp” in the sense of Kassel-Kobayashi ([Adv.Math.2016]). Moreover, we estimate
the number of elements in Γ-orbits contained in the “pseudo-ball” B(R). As its
application, we construct L2-eigenfunctions of the Laplace-Beltrami operator on a
non-sharp Lorentzian manifold Γ\AdS3, using the method established by Kassel-
Kobayashi. In particular, we prove that the set of L2-eigenvalues of the Laplace-
Beltrami operator on a non-sharp Lorentzian manifold Γ\AdS3 is infinite. We also
prove the following: Given an increasing function f : R → R>0, there exists a dis-
continuous group Γ such that the number of elements in a certain Γ-orbit contained
in B(R) is asymptotically larger than f(R).
1 Introduction
A pseudo-Riemannian manifoldM has an intrinsic differential operator called the Laplace-
Beltrami operator M = div ◦ grad. By the natural measure on M , the set
Specd(M ) := {λ ∈ C | ∃f ∈ L2(M) \ {0} satisfying Mf = λf in the weak sense},
is called discrete spectrum ofM . Discrete spectrum of the Laplace-Beltrami operatorM
has been investigated extensively for Riemannian locally symmetric spaces M = Γ\G/K.
However, it is not the case for non-Riemannian locally symmetric spaces M = Γ\G/H .
Kassel-Kobayashi [KK16], see also Kobayashi [Kob16], initiated the study of analysis
in the latter case and constructed “universal discrete spectrum” under some conditions.
They considered the commutative algebra D(M) of “intrinsic” differential operators onM
including the Laplace-Beltrami operator M , and defined discrete spectrum Specd(M) of
M as the set of characters of D(M) corresponding to the joint L2- eigenfunctions. When
Γ is trivial, It follows from Flensted-Jensen [FJ80] and Matsuki-Oshima [MO84] that
Specd(G/H) is non-empty if and only if G/H admits a compact Cartan subspace, in
which case they gave an explicit description of Specd(G/H). Under the same geometric
assumption, the idea of Kassel-Kobayashi [KK16] to construct joint L2-eigenfunctions on
Γ\G/H is to introduce generalized Poincare´ series
ϕΓ(Γx) =
∑
γ∈Γ
ϕ(γ−1x),
1
where ϕ are joint eigenfunctions on G/H . In order to prove the convergence and non-
vanishing of ϕΓ, they used an analytic estimate of joint eigenfunctions ϕ and a geometric
estimate of “counting Γ-orbits” on the pseudo-Riemannian manifold G/H . For the latter
one, they considered “pseudo-ball” B(R) of “radius” R in G/H . They proved (see Fact
8.1) that the discrete spectrum of Γ\G/H is infinite if there exist positive numbers a and
A satisfying “the counting” condition
NΓ(x,R) := #{γ ∈ Γ | γx ∈ B(R)} ≤ AeaR for any x ∈ G/H and R > 0,
and that this condition for NΓ(x,R) is satisfied when Γ is “sharp” (a kind of “strong”
properly discontinuous condition) in the sense of [KK16].
One aim of this paper is to construct an example of discontinuous groups Γ which
is not “sharp” but for which the method of Kassel-Kobayashi [KK16] still works. More
precisely, we construct a family of “non-sharp” infinitely generated discontinuous groups
acting on AdS3 based on an idea of Gue´ritaud-Kassel [GK17, Sect 10.1] and we prove
#Specd(Γ\AdS3) =∞ for an appropriate choice of such discontinuous groups Γ (Theorem
8.6). Here, AdS3 is the 3-dimensional anti-de Sitter space.
Another aim of this paper is to prove that “the counting” NΓ(x,R) can be of arbitrarily
large growth. In fact, given an increasing function f : R→ R>0, we prove that there exists
a discontinuous group Γ satisfying NΓ(E,R) > f(R) for R ≫ 0 (Theorem 6.1), where E
is the identity element of SL2(R) ∼= AdS3.
In the whole paper, we use the notation R≥t = [t,+∞) and R>t = (t,+∞), as well as
Z≥t = Z ∩ R≥t and Z>t = Z ∩ R>t for t ∈ R. We also denote Z ∩R≥0 by N.
2 The 3-dimensional anti-de Sitter space AdS3
In this section, we define the 3-dimensional anti-de Sitter space AdS3, endow AdS3 with a
natural Lorentzian structure (hence AdS3 is endowed with a natural measure), and check
that the Lie group SL2(R)× SL2(R) acts isometrically and transitively on AdS3. See also
Kobayashi [Kob16] for the further details.
Let V be a finite-dimensional real vector space and Q be a nondegenerate symmetric
bilinear form (quadratic form) of signature (p, 2), (p ≥ 2) on V . To simplify notation, we
write Q(v) instead of Q(v, v) for v ∈ V . We set
S− = S−(V,Q) := {v ∈ V | Q(v) = −1}.
For v ∈ S−, we have
TvS− = {w ∈ V | d
dt
∣∣∣
t=0
Q(v + tw) = 0} = (Rv)⊥ ⊂ V,
and Q|TvS− is the quadratic form of signature (p, 1) on TvS−. Thus Q induces the
Lorentzian structure on S− with constant curvature −1. If (V,Q) ∼= (V ′, Q′) holds, then
we have S−(V,Q) ∼= S−(V ′, Q′) as Lorentzian manifolds. We call (the isomorphism class
of ) S− the (p + 1)-dimensional anti-de Sitter space AdS
p+1. We consider the quadratic
form A 7→ −detA of signature (2, 2) on M2(R). Then, SL2(R) = S−(M2(R),−det) ∼= AdS3
holds. The Lie group SL2(R)×SL2(R) acts isometrically on (M2(R),−det) by A 7→ g1Ag−12
for A ∈ M2(R), ((g1, g2) ∈ SL2(R)×SL2(R)), and therefore, it acts isometrically on AdS3.
The action on AdS3 is obviously transitive.
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3 “Pseudo-balls” in AdS3
In this section, we define “pseudo-balls” on the Lorentzian manifold AdS3. We note that
AdS3 has no natural distance.
We use the principal SO2(R)-bundle over the upper half plane H
2 = {z ∈ C | Im z >
0}:
π : AdS3 = SL2(R)→ SL2(R)/SO2(R) ∼= H2.
Using the hyperbolic distance dH2 of H
2 defined by the metric tensor ds2 =
dx2 + dy2
y2
, for
any point x ∈ AdS3, we interpret
‖x‖ := dH2(π(x),
√−1) = dH2(π(x), π(E)),
as the “pseudo-distance” of x from the identity matrix E in SL2(R) ∼= AdS3 and call
B(R) = {x ∈ AdS3 | ‖x‖ ≤ R},
a “pseudo-ball” of “radius” R. The volume vol(B(R)) is equal to π2(coshR − 1). In
Section 6 (see Remark 6.8), we construct a discontinuous group Γ acting on AdS3 such
that the number of elements in a certain orbit contained in B(R) is asymptotically larger
than AeaR (in particular, vol(B(R))) for any a, A > 0.
Remark 3.1. The notion of “pseudo-balls” in AdS3 is generalized to the notion in reduc-
tive symmetric spaces by the generalized Cartan projections for G = KAH decomposition
(see [KK16, Ch. 4]).
4 Discontinuous groups acting on AdS3
In this section, we recall the notion of proper discontinuity of actions on manifolds. More-
over, for discrete groups acting isometrically on AdS3, we state a criterion for the proper
discontinuity of their actions. In the following, we assume that all discrete groups are at
most countable. Let M be a manifold and Γ a discrete group acting on M .
Definition 4.1. For any subset S of M , we set
ΓS := {γ ∈ Γ | γS ∩ S 6= ∅}.
Then,
• If Γ{x} = {e} holds for any x ∈M , the Γ-action is said to be free.
• If ΓS is finite for any compact subset S of M , the Γ-action is said to be properly
discontinuous.
• (Kobayashi [Kob93]) If the Γ-action is free and properly discontinuous, a discrete
group Γ is called a discontinuous group acting on M .
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If Γ is a discontinuous group acting onM , then the quotient Γ\M is a manifold and the
quotient map π : M → Γ\M is a covering map. Moreover, if M is a pseudo-Riemannian
manifold and the Γ-action is isometric, then so is Γ\M and π is locally isometric.
A discrete subgroup Γ ⊂ SL2(R)× SL2(R) acts isometrically on AdS3. Applying the
properness criterion of Kobayashi [Kob96] and Benoist [Ben96] generalizing the original
properness criterion of Kobayashi [Kob89], we can determine whether the Γ-action is
properly discontinuous in our AdS3 setting in terms of the pseudo-distance defined in
Section 3.
Fact 4.2 (Kobayashi [Kob89, Kob96] and Benoist [Ben96]). Let Γ be a discrete subgroup
of SL2(R)× SL2(R). The following are equivalent.
(i) The action of Γ on AdS3 is properly discontinuous .
(ii) For any R > 0, the set {(γ1, γ2) ∈ Γ |
∣∣∣‖γ1‖ − ‖γ2‖∣∣∣ < R} is finite.
The following fact about discontinuous groups acting on AdS3 is known.
Fact 4.3 (Kulkarni-Raymond [KR85]. See also Kobayashi [Kob93] and Kassel [Kas08] for
further generalization). For any discontinuous group Γ ⊂ SL2(R)×SL2(R) acting on AdS3,
there exist a discrete subgroup Φ ⊂ SL2(R) and a group homomorphism ρ : Φ → SL2(R)
satisfying Γ = {(γ, ρ(γ)) | γ ∈ Φ} up to finite index and a switch of factor.
5 A family of discontinuous groups Γν(a1, a2, r, R)
In this section, for real-valued sequences {a1(k)}k∈N, {a2(k)}k∈N, {r(k)}k∈N, and {R(k)}k∈N,
(r(k), R(k) > 0) and ν ∈ N, we construct a family of infinitely generated discontinuous
groups
Γν(a1, a2, r, R) ≡ Γν({a1(k)}k∈N, {a2(k)}k∈N, {r(k)}k∈N, {R(k)}k∈N),
acting on AdS3 generalizing an idea of Gue´ritaud-Kassel [GK17, Sect. 10.1.].
For x1, x2 ∈ R and u > 0, we set
τ = τ(x1, x2, u) :=
1
u
(
x2 −(x1x2 + u2)
1 −x1
)
∈ SL2(R).
The action of τ on H2 is the composite of the inversion with respect to the circle of radius
u at the point x1 and the parallel transport by x2 − x1 (Figure 1). Therefore, τ transfers
Domain 1 to Domain 1 ∪ Domain 3 and Domain 2 ∪ Domain 3 to Domain 2 (Figure 2).
C1
xx1
u
C2
x2
u
Figure 1.
z + x1
−u2
z
+ x1 −u2z + x2 = τ(z + x1)
4
xx1
Domain1 Domain3 Domain2
x2
Figure 2.
For real-valued sequences {a1(k)}k∈N and {a2(k)}k∈N and positive-valued sequences
{r(k)}k∈N, and {R(k)}k∈N, we set
αk := τ(a1(k), a2(k), r(k)) and βk := τ(a1(k), a2(k), R(k)) for k ∈ N.
For any ν ∈ N, let Γν(a1, a2, r, R) be a subgroup of SL2(R) × SL2(R) generated by
{(αk, βk)}k≥ν . We assume that sequences {a1(k)}k∈N, {a2(k)}k∈N, {r(k)}k∈N, and {R(k)}k∈N
satisfy the following.
Assumption 5.1. For k large enough,
r(k) < R(k),
a1(k) +R(k) < a2(k)− R(k),
a2(k) +R(k) < a1(k + 1)− R(k + 1).
Assumption 5.2. For any i = 1, 2,
lim
k→∞
ai(k) =∞.
Assumption 5.3. There exists a positive-valued sequence {η(ν)}ν∈N satisfying lim
ν→∞
η(ν) =
0 and ∣∣∣ R(k)
ai(k)− aj(l)
∣∣∣ ≤ η(ν),
for any ν ∈ N, i, j ∈ {1, 2}, and k, l ∈ Z≥ν satisfying k 6= l if i = j,
x
· · ·
a1(k)
r(k)
R(k)
A1k
B1k
a2(k)
r(k)
R(k)
A2k
B2k
a1(k + 1)
r(k + 1)
R(k + 1)
A1k+1
B1k+1
· · ·
Figure 3.
Remark 5.4.
(1) Assumption 5.1 implies that sequences {ai(k)}k∈N for i = 1, 2 are increasing, and
Assumption 5.2 implies that ai(k) > 0 for k large enough. Therefore, Assumption 5.3
implies
lim
k→∞
R(k)
ai(k)
= 0,
for any i = 1, 2.
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(2) Let f be a real-valued C1 function defined on R≥t0 (t0 is a certain number) satisfying
that
• f is strictly increasing,
• lim
x→∞
f(x) =∞,
• f ′ is monotone.
We set
a1(k) = f(k) and a2(k) = f(k +
1
2
).
Then Assumption 5.2 is satisfied. Moreover, let R(x) and r(x) be positive-valued
continuous functions defined on R≥t0 satisfying R(x) > r(x). By the mean value
theorem, if
lim
x→∞
R(x)
f ′(x± 1) = 0,
then Assumptions 5.1 and 5.3 are satisfied.
Assumption 5.1 means that for ν ∈ N large enough, the position of Aik and Bik for
k ≥ ν and i = 1, 2 is like Figure 3. This condition implies the following proposition.
Proposition 5.5. For ν ∈ N large enough, the group Γν(a1, a2, r, R) is a discrete subgroup
of SL2(R)× SL2(R), and the set {(αk, βk)}k≥ν generates Γν(a1, a2, r, R) freely.
Before we prove Proposition 5.5, we introduce some additional notation. Let F∞ be a
free group generated by words {γk}k∈N, j (resp. ρ) a group homomorphism from F∞ to
SL2(R) defined by j(γk) = αk (resp. ρ(γk) = βk) for k ∈ N, and F∞−ν a subgroup of F∞
generated by {γk}k≥ν. We note
Γν(a1, a2, r, R) = {(j(γ), ρ(γ)) | γ ∈ F∞−ν}.
We use the following obvious fact to prove Proposition 5.5.
Fact 5.6. There exists ν0 ∈ N large enough such that
√−1 ∈ H2 is outside the half-circle
Aik for any k ≥ ν0 and i = 1, 2 in Figure 3 and for any point z being outside the half-circle
Aik for any k ≥ ν0 and i = 1, 2 and any γ ∈ F∞−ν0 \ {e} of which the reduced expression
is γs1k1γ
s2
k2
· · · γsmkm with si = ±1, j(γ)z is inside the half-circle A2k1 if s1 = 1 and is inside
the half-circle A1k1 if s1 = −1. Here, e is the identity element of F∞. The same is true
for ρ and Bik in place of j and A
i
k.
Proof of Proposition 5.5.
We fix ν0 as in Fact 5.6. We prove that Γν(a1, a2, r, R) is a free group for ν ≥ ν0. It
is enough to prove the injectivity of j|F∞−ν0 . Take any γ ∈ F∞−ν0 \ {e}, and write its
reduced expression as γ = γs1k1γ
s2
k2
· · · γsmkm with si = ±1. By Fact 5.6, j(γ)
√−1 is inside the
half-circle A1k1 or A
2
k1
and
√−1 is outside the half-circles A1k1 and A2k1 . Hence, j(γ)
√−1
is not equal to
√−1, and in particular, j(γ) is not equal to the identity matrix E. Thus
j|F∞−ν0 is injective. Let us prove that Γν(a1, a2, r, R) is a discrete subgroup of SL2(R) for
ν ≥ ν0. It is enough to prove that j(F∞−ν0) is a discrete subgroup of SL2(R). We take a
neighborhood V of
√−1 in H2 such that V is outside the half-circle Aik for any k ≥ ν0
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and i = 1, 2. Then by Fact 5.6 again, j(γ)V ∩V 6= ∅ implies γ = e. Because of continuity
of the SL2(R)-action on H
2, there exist a neighborhood U of the identity matrix E in
SL2(R) and a neighborhood W ⊂ V of
√−1 in H2 satisfying UW ⊂ V . By construction,
we have U ∩ j(F∞−ν0) = {E}.
Remark 5.7. One sees in the previous proof that j(F∞−ν0) is a free group, and discrete
in SL2(R). So is ρ(F∞−ν0).
The following proposition will be used to give an explicit criterion for the action of
Γν(a1, a2, r, R) on AdS
3 to be properly discontinuous (see Corollary 5.9).
Proposition 5.8. For ν0 large enough, there exists a positive-valued sequence {ε(ν)}ν∈N
satisfying lim
ν→∞
ε(ν) = 0 and
∣∣∣‖j(γ)‖ − ‖ρ(γ)‖ − 2 m∑
i=1
log
R(ki)
r(ki)
∣∣∣ ≤ (m+ 8)ε(ν), (5.1)
for any ν ≥ ν0 and γ ∈ F∞−ν \ {e} of which the reduced expression is γs1k1γs2k2 · · · γsmkm with
si = ±1.
Gue´ritaud-Kassel [GK17, Sect 10.1] gave the estimate (5.1) for the following sequences
(a1(k), a2(k), r(k), R(k)) = (k
2, k2 + k, 1, log k),
see Example 5.12 (2) below. However, since the explanation given there is not clear
to the author, we give a different proof for the estimate (5.1) in the general setting
where {a1(k)}k∈N, {a2(k)}k∈N, {r(k)}k∈N, and {R(k)}k∈N are arbitrary sequences satisfying
Assumptions 5.1, 5.2, and 5.3.
The properness criterion of Benoist and Kobayashi (Fact 4.2) applied to this setting
gives the following.
Corollary 5.9. The action of Γν(a1, a2, r, R) on AdS
3 is properly discontinuous for ν
large enough if and only if
lim
k→∞
r(k)
R(k)
= 0.
The discrete group Γν(a1, a2, r, R) is a free group and in particular, torsion-free. Hence
the proper discontinuity implies the freeness of the action. Therefore,
Corollary 5.10. Under the condition of Corollary 5.9, Γν(a1, a2, r, R) is a discontinuous
group acting on AdS3 for ν large enough.
Proposition 5.8 is proven by the following elementary fact.
Fact 5.11 (cf. [GK17, (A.1) and (A.2)]). For any g ∈ SL2(R),
2 cosh dH2(g
√−1,√−1) = Tr(tgg).
In particular, for any point u+
√−1v ∈ H2,
2 cosh dH2(u+
√−1v,√−1) = u
2 + v2 + 1
v
.
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Proof of Proposition 5.8. We fix ν0 as in Fact 5.6. Then, j(F∞−ν0) and ρ(F∞−ν0) are
discrete by Remark 5.7, thus it follows from the properness of ‖ ·‖ that there exists a real-
valued sequence {ε(ν)}ν≥ν0 satisfying limν→∞ ε(ν) = 0, e−2‖j(γ)‖ ≤ ε(ν) and e−2‖ρ(γ)‖ ≤ ε(ν)
for any ν ≥ ν0 and γ ∈ F∞−ν \ {e}. Therefore, the inequality |x − log 2 cosh x| ≤ e−2x
implies ∣∣∣‖j(γ)‖ − log 2 cosh ‖j(γ)‖∣∣∣ ≤ ε(ν), (5.2)∣∣∣‖ρ(γ)‖ − log 2 cosh ‖ρ(γ)‖∣∣∣ ≤ ε(ν), (5.3)
for any ν ≥ ν0 and γ ∈ F∞−ν \ {e}. In the following, we retake a real-valued sequence
{ε(ν)}ν≥ν0 satisfying limν→∞ ε(ν) = 0. By abuse of notation, we use the same letter ε. It
follows from Fact 5.11 and the inequality
| log u
2 + v2 + 1
v
− (2 log u− log v)| ≤ v
2 + 1
u2
,
that
| log 2 cosh ‖j(γ)‖ − (2 logRe(j(γ)√−1)− log Im(j(γ)√−1))| ≤ Im(j(γ)
√−1)2 + 1
Re(j(γ)
√−1)2 .
By Fact 5.6, we have Re(j(γ)
√−1) > a1(k1) − r(k1) and Im(j(γ)
√−1) < r(k1), and
therefore, by Remark 5.4 (1), we replace {ε(ν)}ν≥ν0 so that
| log 2 cosh ‖j(γ)‖ − (2 logRe(j(γ)√−1)− log Im(j(γ)√−1))| ≤ ε(ν), (5.4)
for any ν ≥ ν0 and γ ∈ F∞−ν \ {e}. Similarly, by replacing {ε(ν)}ν≥ν0,
| log 2 cosh ‖ρ(γ)‖ − (2 logRe(ρ(γ)√−1)− log Im(ρ(γ)√−1))| ≤ ε(ν). (5.5)
We estimate the real parts and the imaginary parts of j(γ)
√−1. By Fact 5.6, we have
Re(j(γ)
√−1) ∈

[a2(k1)− r(k1), a2(k1) + r(k1)], (s1 = 1),[a1(k1)− r(k1), a1(k1) + r(k1)], (s1 = −1).
By Remark 5.4 (1), we replace {ε(ν)}ν≥ν0 so that
| logRe(j(γ)
√−1)− log a2(k1)| ≤ ε(ν), (s1 = 1),
| logRe(j(γ)√−1)− log a1(k1)| ≤ ε(ν), (s1 = −1),
for any ν ≥ ν0 and γ ∈ F∞−ν \ {e}. The same is true for ρ by replacing ε, thus we have
| logRe(j(γ)√−1)− log Re(ρ(γ)√−1)| ≤ 2ε(ν), (5.6)
for any ν ≥ ν0 and γ ∈ F∞−ν \ {e}. In order to estimate the imaginary parts of j(γ)
√−1,
it is enough to estimate the imaginary part of αkz (resp. α
−1
k z) when
case 1 z is inside the half-circle A2k (resp. A
1
k) (see Figure 3),
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case 2 z is inside the half-circle A1l or A
2
l , (l 6= k),
case 3 z is equal to
√−1.
Let D be the Euclidean distance between z and the center of A1k (resp. A
2
k). Then, we
have
Im(αkz) (resp. Im(α
−1
k z) ) =
r(k)2 Im z
D2
,
and therefore,
log Im(αkz) (resp. log Im(α
−1
k z) ) = 2 log r(k)− 2 logD + log Im z.
Moreover, logD is estimated as follows in each cases by replacing {ε(ν)}ν≥ν0.
case 1 Since |a2(k)− a1(k)| − r(k) ≤ D ≤ |a2(k)− a1(k)|+ r(k), by Assumption 5.3,∣∣∣logD − log |a2(k)− a1(k)|∣∣∣ ≤ ε(ν)/2.
case 2 By Assumption 5.3, when z is inside the half-circle Ail for i = 1 or 2,∣∣∣logD − log |ai(l)− a1(k)|∣∣∣ ≤ ε(ν)/2.
case 3 By Assumption 5.2,
| logD − log a1(k)| ≤ ε(ν)/2.
The same is true for ρ by replacing {ε(ν)}ν≥ν0, thus we have
∣∣∣log Im(j(γ)√−1)− log Im(ρ(γ)√−1)− 2 m∑
i=1
log
r(ki)
R(ki)
∣∣∣ ≤ mε(ν), (5.7)
for any ν ≥ ν0 and γ ∈ F∞−ν \ {e}. By the inequalities from (5.2) to (5.7), we obtain
∣∣∣‖j(γ)‖ − ‖ρ(γ)‖ − 2 m∑
i=1
log
R(ki)
r(ki)
∣∣∣ ≤ (m+ 8)ε(ν),
for any ν ≥ ν0 and γ ∈ F∞−ν \ {e}.
Example 5.12 (cf. Remark 5.4 (2)). For the following sequences {a1(k)}k∈N,{a2(k)}k∈N,
{r(k)}k∈N, and {R(k)}k∈N and ν ∈ N large enough, Γν(a1, a2, r, R) are discontinuous
groups acting on AdS3 which are not “sharp” in the sense of Kassel-Kobayashi [KK16]
(see Proposition 7.3).
a1(k) a2(k) r(k) R(k)
(1) ee
k
ee
k+ 1
2 1 ek
(2)(Gue´ritaud-Kassel) k2 k2 + k 1 log k
(3) log k log(k + 1
2
) 1
k2 log k
1
k2
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6 Counting orbits of Γν(a1, a2, r, R)
In this section, we study lower bounds for the number of elements in the Γν(a1, a2, r, R)-
orbit through the identity matrix E ∈ AdS3 ∼= SL2(R) contained in the pseudo-ball B(R).
Let Γ be a discontinuous group acting on AdS3. For any x ∈ AdS3 and R > 0, we set
Γ(x,R) := {γ ∈ Γ | γx ∈ B(R)},
NΓ(x,R) := #Γ(x,R) (“counting Γ-orbits”).
We have NΓ(x,R) <∞, since the Γ-action is properly discontinuous and pseudo-balls are
compact. Let E ∈ AdS3 ∼= SL2(R) be the identity matrix. We prove the following result
for NΓ(E,R).
Theorem 6.1. For any increasing function f : R → R>0, there exists a discontinuous
group Γf acting on AdS
3 satisfying
lim
R→∞
NΓf (E,R)
f(R)
=∞.
We compare the following fact in the Riemannian case with our theorem. Let M be a
Riemannian symmetric space of the non-compact type and Γ ⊂ Isom(M) a discontinuous
group acting on M . We fix x0 ∈ M . By the natural distance dM , we count the Γ-orbit
through x0 in BM (R) = {x ∈M | dM(x, x0) ≤ R}. In the following, we denote the volume
of U by vol(U) for any measurable subsets U of measure spaces Z.
Fact 6.2 (cf. Kassel-Kobayashi [KK16, Obs. 4.19]). There exists a positive constant cM
depending only on M satisfying
#{γ ∈ Γ | γx0 ∈ BM(R)} ≤ cM vol(BM(R)).
Remark 6.3. There exist constants A, a > 0 satisfying vol(BM(R)) ∼
R→∞
AeaR (see
[Hel00, ChI, Thm. 5.8]).
We also compare the counting result of Eskin-Mcmullen [EM93] with our theorem.
Their setting, where Γ is a lattice in the group of isometries, is different from ours. In the
following statement, measures are normalized so that Haar measure on G is the product
of the measure on H with that on G/H .
Fact 6.4 (Eskin-Mcmullen [EM93]). Let M = G/H be a semisimple symmetric space
(for instance, AdS3 = SL2(R) × SL2(R)/ diag SL2(R)) and Γ ⊂ G an irreducible lattice
of G such that Γ ∩ H is a lattice of H. Let {Bn}∞n=1 be a “well-rounded” (in the sense
of Eskin-Mcmullen[EM93]) sequence consisting of finite volume measurable subsets of M
satisfying lim
n→∞
vol(Bn) =∞. Then,
#(Γx0 ∩ Bn) ∼
vol(Γ ∩H\H)
vol(Γ\G) vol(Bn) (n→∞).
Remark 6.5.
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(1) By Moore’s ergodicity theorem [Moo66], if H is non-compact and G is a finite product
of connected non-compact simple groups with finite center, then the Γ-action on M
in the setting of Fact 6.4 is ergodic and not properly discontinuous .
(2) A sequence of pseudo-balls {B(n)}∞n=1 in AdS3 is well-rounded.
Before proving our theorem, we note the following fact.
Remark 6.6. Given an increasing function f : R→ R>0, there exists a strictly increasing,
convex, and C1 function F : R≥0 → R>0 satisfying F > f on R≥0 and lim
x→∞
F (x) =∞.
In fact, we can construct such a function F on [0, n] by induction on n ∈ N, applying
the following obvious fact to
(s, t, a, b, c) = (0, 1, f(1), 1, f(2)), (n, n+ 1, F (n), lim
x→n−0
F ′(x), f(n+ 2) + n) for n ≥ 1.
Fact 6.7. Given an interval [s, t] and constants a, b, c > 0, there exists a convex, strictly
increasing, and C1 function h : [s, t]→ R>0 satisfying
h(s) = a, lim
x→s+0
h′(x) = b, h(t) ≥ c, and lim
x→t−0
h′(x) <∞.
Proof of Theorem 6.1. Let F be a function in Remark 6.6 and g the inverse function of
the function x 7→ xF (x) which is defined on R≥0. Then g is of C1 class, strictly increasing,
and concave (i.e. g′ is decreasing ) and moreover, satisfies lim
x→∞
g(x) =∞. We set
a1(k) := g(k), a2(k) := g(k +
1
2
), r(k) :=
g′(k + 1)
kg(k)
, and R(k) :=
g′(k + 1)
k
for k ≥ s0.
By Remark 5.4 (2), the sequences a1, a2, r, and R satisfy Assumptions 5.1, 5.2, and 5.3
and lim
k→∞
r(k)
R(k)
= 0, thus Corollary 5.10 implies that Γν(a1, a2, r, R) is a discontinuous
group acting on AdS3 for ν large enough. We set Γf := Γν(a1, a2, r, R).
We have
α−1k βk
√−1 = R(k)
2 − r(k)2
R(k)2
a1(k) +
(
r(k)
R(k)
)2√−1
= (g(k)− g(k)−1) + g(k)−2√−1,
and therefore, by Fact 5.11 and the inequality |x− log 2 cosh x| ≤ e−2x, we have
‖(α−1k , β−1k )E‖ = dH2(α−1k βk
√−1,√−1)
= log 2 cosh dH2(α
−1
k βk
√−1,√−1) + o(1)
= 2 log(g(k)− g(k)−1)− log g(k)−2 + o(1)
= 4 log g(k) + 2 log(1− g(k)−2) + o(1)
= 4 log g(k) + o(1),
as k tends to infinity. Thus we take ν large enough so that∣∣∣‖(α−1k , β−1k )E‖ − 4 log g(k)∣∣∣ ≤ 1
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holds for any k ≥ ν. Then, we have
NΓf (E,R) ≥ #{k ∈ Z≥ν | ‖(α−1k , β−1k )E‖ ≤ R}
≥ #{k ∈ Z≥ν | 4 log g(k) + 1 ≤ R}
≥ eR−14 F (eR−14 )− ν.
Thus we have lim
R→∞
NΓf (E,R)
F (R)
=∞, hence we obtain lim
R→∞
NΓf (E,R)
f(R)
=∞ by F > f .
Remark 6.8. For ν large enough, Γν(a1, a2, r, R) in Example 5.12 (3) satisfies
NΓν(a1,a2,r,R)(E,R) ≥ ee
R−1
4 − ν
.
7 Sharpness
The notion of “sharpness” traces back to Kobayashi [Kob98] in the deformation theory of
discontinuous groups acting on pseudo-Riemannian homogeneous manifolds of reductive
groups. It is defined for a general G/H , but in this section, we explain it only for AdS3
as a homogeneous manifold of G = SL2(R)× SL2(R).
Let Γ be a discrete subgroup of SL2(R) × SL2(R). We set µ(γ) = (x(γ), y(γ)) :=
(‖γ1‖, ‖γ2‖) for γ = (γ1, γ2) ∈ Γ. By Fact 4.2, Γ acts properly discontinuously on AdS3 if
and only if µ(Γ) “goes away from the line x = y at infinity” (Figure 4). The condition of
“sharpness” is stronger than the condition of proper discontinuity as Definition 7.1 below,
and Γ is sharp for AdS3 if µ(Γ) “goes away from the line x = y at infinity” with a speed
that is at least linear ([KK16, Sect 4.2]) (Figure 5). We set
r(γ) :=
√
x(γ)2 + y(γ)2 and θ(γ) := arctan(
y(γ)
x(γ)
), (0 ≤ θ(γ) ≤ π
2
).
Definition 7.1 (Kobayashi [Kob98], Kassel-Kobayashi [KK16, Def. 4.2]). We take c ∈
(0, 1] and C > 0. A discrete subgroup Γ ⊂ SL2(R)× SL2(R) is said to be (c, C)-sharp for
AdS3 if for any γ ∈ Γ,
|x(γ)− y(γ)| ≥ √2cr(γ)− C,
or equivalently, if for any γ ∈ Γ,∣∣∣∣∣sin(θ(γ)− π4)
∣∣∣∣∣ ≥ c− C√2r(γ).
Moreover, Γ is said to be sharp for AdS3 if there exist constants c ∈ (0, 1] and C > 0 such
that Γ is (c, C)-sharp for AdS3.
If Γ is finitely generated, the following fact is known.
Fact 7.2 (Kassel [Kas09] and Gue´riataud-Kassel [GK17]). Any finitely generated discrete
subgroup Γ ⊂ SL2(R)×SL2(R) acting properly discontinuously on AdS3 is sharp for AdS3.
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However, Γν(a1, a2, r, R) is infinitely generated and appropriate choices of a1, a2, r, and
R give many examples of non-sharp discontinuous groups.
Proposition 7.3. If
lim
k→∞
log
R(k)
r(k)
(
log
a1(k)a2(k)
r(k)
)−1
= 0,
then Γν(a1, a2, r, R) is not sharp for ν large enough.
Proof of Proposition 7.3. For σk = (αk, βk) ∈ Γν(a1, a2, r, R), by Proposition 5.8, we have
|x(σk)− y(σk)|(= ‖αk‖ − ‖βk‖) = 2 log
R(k)
r(k)
+ o(1).
By Fact 5.11 and αk =
1
r(k)
(
a2(k) −(a1(k)a2(k) + r(k)2)
1 −a1(k)
)
, we have
r(σk) ≥ x(σk)
= dH2(αk
√−1,√−1)
= log 2 cosh dH2(αk
√−1,√−1) + o(1)
= log
a1(k)
2 + a2(k)
2 + (a1(k)a2(k) + r(k)
2)2 + 1
r(k)2
+ o(1)
= 2 log
a1(k)a2(k)
r(k)
+ o(1) (by Assumption 5.2 and Remark 5.4 (1)),
as k tends to infinity. Hence we obtain
lim
k→∞
|x(σk)− y(σk)|
r(σk)
= 0.
Thus there exist no constants c, C satisfying the condition of Definition 7.1.
x
y
Figure 4 (Properly discontinuous actions).
x
y
Figure 5 (Sharp actions).
See also [KK16, Ch.4, Fig.1] for sharp actions in general setting.
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8 An application to spectral analysis
In this section, we study “the counting” NΓν(a1,a2,r,R)(x,R) for Γν(a1, a2, r, R) in Example
5.12 (1) and apply this result to spectral analysis on the non-sharp Lorentzian manifold
Γν(a1, a2, r, R)\AdS3. We recall a1(k) = eek , a2(k) = eek+
1
2 , r(k) = 1 and R(k) = ek.
Kassel-Kobayashi [KK16] initiated the study of analysis on non-Riemannian locally
symmetric spacesM = Γ\G/H and constructed “universal discrete spectrum” under some
conditions. Let us explain a part of their results only for locally 3-dimensional anti-de
Sitter spaces.
Let Γ ⊂ SL2(R) × SL2(R) be a discontinuous group acting isometrically on AdS3.
Then, Γ\AdS3 is endowed with the Lorentzian structure induced by the covering map
AdS3 → Γ\AdS3. Thus, the Laplace-Beltrami operator Γ\AdS3 is defined on Γ\AdS3.
We call
Specd(Γ\AdS3) := {λ ∈ C | ∃f ∈ L2(M)\{0} satisfying Γ\AdS3f = λf in the weak sense},
discrete spectrum of Γ\AdS3 .
Fact 8.1 (Kassel-Kobayashi [KK16]).
(1) If there exist constants A, a > 0 satisfying NΓ(x,R) ≤ AeaR for any x ∈ AdS3 and
R > 0, then Specd(Γ\AdS3) is infinite.
(2) ([KK16, Lem. 4.6.4]) If Γ is sharp for AdS3, then the assumption of (1) is satisfied.
Remark 8.2.
(1) For a given x ∈ AdS3, there do not necessarily exist constants A, a > 0 satisfying
NΓ(x,R) ≤ AeaR (see Theorem 6.1). We note that the assumption of (1) needs
uniformity of constants a, A with respect to all Γ-orbits.
(2) Kassel-Kobayashi [KK16] constructed an infinite subset of discrete spectrum which is
“stable” under small deformations of Γ in SL2(R)× SL2(R).
(3) The inequality ‖g1xg−12 ‖ ≤ ‖x‖ + (‖g1‖ + ‖g2‖) for any g1, g2, x ∈ SL2(R) implies
gB(r) ⊂ B(r + (‖g1‖ + ‖g2‖)) for any g = (g1, g2) ∈ SL2(R) × SL2(R) and r > 0.
Therefore, if Γ satisfies the assumption of Fact 8.1 (1), then so does g−1Γg for any
g ∈ SL2(R)× SL2(R).
8.1 The proof of Fact 8.1 (1)
Fact 8.1 (1) was implicit in Kassel-Kobayashi [KK16] (in a more general setting), however,
because of its importance, we recall its proof briefly.
For L2-eigenfunctions ϕ of AdS3 , we construct the “eigenfunctions of Γ\AdS3” ϕ
Γ on
Γ\AdS3 as follows:
ϕΓ(Γx) =
∑
γ∈Γ
ϕ(γ−1x).
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We have to prove the existence of an infinite subset of Specd(AdS3) which satisfies
the following: For its element λ, there exists a L2-eigenfunction ϕ with eigenvalue λ such
that ϕΓ is a non-zero L2-function on Γ\AdS3. We note that for m ∈ Z≥2,
ψm(x) = (x1 +
√−1x2)−m for x =
(
x1 + x4 x2 + x3
−x2 + x3 x1 − x4
)
,
and more generally, ℓ∗gψm are eigenfunctions of AdS3 with eigenvalue m(m − 2). Here,
ℓ∗gf(x) = f(g
−1x) for any function f on AdS3, g ∈ SL2(R)× SL2(R), and x ∈ AdS3.
Remark 8.3. The function ψm is introduced in [KK16, Ch. 9] and is referred to as ψ
+
ℓ .
The following lemma gives the asymptotic behavior of ψm.
Lemma 8.4 (cf. [KK16, Lem. 9.14]). For any m ∈ Z≥2 and x ∈ AdS3,
|ψm(x)| =
(
cosh
‖x‖
2
)−m
.
In particular, ψm ∈ L2(AdS3) and moreover, ψm ∈ L1(AdS3) if m > 2.
Proof of Lemma 8.4. By Fact 5.11, we have
cosh ‖x‖ = x21 + x22 + x23 + x24 = 2(x21 + x22)− 1,
for x =
(
x1 + x4 x2 + x3
−x2 + x3 x1 − x4
)
∈ SL2(R). Therefore, we have
|ψm(x)| = (x21 + x22)−
m
2 =
(
cosh ‖x‖+ 1
2
)−m
2
=
(
cosh
‖x‖
2
)−m
.
Let us prove that (ℓ∗gψm)
Γ is a continuous and bounded function on Γ\AdS3 for m
large enough. We have
|ψΓm(Γx)| ≤
∞∑
n=1
∑
γ∈Γ
n−1≤‖γ−1x‖<n
|ψm(γ−1x)|
=
∞∑
n=1
∑
γ∈Γ
n−1≤‖γ−1x‖<n
(
cosh
‖γ−1x‖
2
)−m
(by Lemma 8.4)
≤
∞∑
n=1
NΓ(x, n)
(
cosh
n− 1
2
)−m
≤
∞∑
n=1
Aean
(
cosh
n− 1
2
)−m
(by the assumption of Fact 8.1 (1)). (8.1)
This series converges absolutely for m large enough, hence ψΓm is continuous and bounded.
The same for (ℓ∗gψm)
Γ is also true. For the fundamental domain DΓ\AdS3 (see Fact 8.8
15
below) of Γ\AdS3, we have the natural isomorphism Lp(DΓ\AdS3) ∼= Lp(Γ\AdS3) for any
1 ≤ p ≤ ∞. By Lemma 8.4, ℓ∗gψm ∈ L1(AdS3) for any m > 2. Hence it is obvious that the
series
∑
γ∈Γ
ℓ∗γ(ℓ
∗
gψm) converges in L
1(DΓ\AdS3). By the inequality ‖f‖L2 ≤
√
‖f‖L1‖f‖L∞,
this series converges in L2(DΓ\AdS3). Moreover, the series∑
γ∈Γ
AdS3ℓ
∗
γℓ
∗
gψm =
∑
γ∈Γ
m(m− 2)ℓ∗γℓ∗gψm
also converges to m(m− 2)(ℓ∗gψm)Γ in L2(DΓ\AdS3). Therefore, we have
AdS3(ℓ
∗
gψm)
Γ = m(m− 2)(ℓ∗gψm)Γ,
in L2(DΓ\AdS3). Therefore, there exists ν ∈ Z≥2 such that for any m ∈ Z≥ν and any
g ∈ SL2(R)×SL2(R), (ℓ∗gψm)Γ is a continuous L2-eigenfunction of Γ\AdS3 with eigenvalue
m(m − 2). Let us see that there exists g ∈ SL2(R) × SL2(R) satisfying (ℓ∗gψm)Γ 6= 0 for
any m large enough. Let E ∈ AdS3 ∼= SL2(R) be the identity matrix, and we have
(ℓ∗gψm)
Γ(ΓgE) =
∑
γ∈g−1Γg
ψm(γ
−1E)
=
∑
γ∈g−1Γg
‖γ−1E‖=0
ψm(γ
−1E) +
∑
γ∈g−1Γg
‖γ−1E‖>0
ψm(γ
−1E).
We set cg := inf{‖γ−1E‖ | γ ∈ g−1Γg satisfying ‖γ−1E‖ > 0}. This is non-zero by the
proper discontinuity of the Γ-action. In the same way as the inequality (8.1), we have
| ∑
γ∈g−1Γg
‖γ−1E‖>0
ψm(γ
−1E)| ≤
∞∑
n=2
∑
γ∈g−1Γg
cg(n−1)≤‖γ−1E‖<cgn
|ψm(γ−1E)|
≤
∞∑
n=2
Aeacgn
(
cosh
cg(n− 1)
2
)−m
.
Therefore, for any g ∈ SL2(R)×SL2(R), there exists νg ∈ Z≥ν such that for any m ∈ Z≥νg ,
| ∑
γ∈g−1Γg
‖γ−1E‖>0
ψm(γ
−1E)| < 1.
Thus it is enough to show ∑
γ∈g−1Γg
‖γ−1E‖=0
ψm(γ
−1E) ≥ 1,
in order to prove (ℓ∗gψm)
Γ 6= 0. We use the following fact which is obtained by applying
[KK16, Prop. 8.9] to our AdS3 setting.
Fact 8.5 ([KK16, Prop. 8.9]). If a discrete subgroup Γ ⊂ SL2(R)× SL2(R) acts properly
discontinuously on AdS3, then there exists g ∈ SL2(R) × SL2(R) satisfying ‖γ−1E‖ > 0
for any γ ∈ g−1Γg \ {±1} × {±1}.
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By this fact, there exists g ∈ SL2(R)×SL2(R) such that any term in
∑
γ∈g−1Γg
‖γ−1E‖=0
ψm(γ
−1E)
is ψm(±E) = (±1)−m. If m is even, this sum is not less than 1. Therefore, we have
Specd(Γ\AdS3) ⊃ {m(m−2) | m ∈ Z≥νg ∩2Z}, and in particular, #Specd(Γ\AdS3) =∞.
This finishes the proof of Fact 8.1 (1).
8.2 The main theorem and its proof
We consider the existence of non-sharp discontinuous groups satisfying the assumption of
Fact 8.1 (1). We show the following results.
Theorem 8.6. Let Γν(a1, a2, r, R) be as in Example 5.12 (1). Then we have the following
for ν large enough.
(1) Γν(a1, a2, r, R) is non-sharp for AdS
3.
(2) For any x ∈ AdS3 and R > 0, NΓν(a1,a2,r,R)(x,R) ≤ 22R+16 holds.
(3) The discrete spectrum Specd(Γν(a1,a2,r,R)\AdS3) is infinite.
We prove lemmas needed for the proof. The following lemma is proved in [KK16] in
the general setting where G/H is a reductive symmetric space. Since it plays a crucial
role in proving Theorem 8.6, we give an elementary proof for the AdS3(∼= SL2(R) ×
SL2(R)/ diag SL2(R)) case for the convenience of the reader.
Lemma 8.7 ([KK16, Lem. 4.4 and 4.17]). For any (g1, g2) ∈ SL2(R) × SL2(R) and
x ∈ AdS3 ∼= SL2(R),
‖(g1, g2)x‖ ≥
∣∣∣‖g1‖ − ‖g2‖∣∣∣− ‖x‖.
Proof of Lemma 8.7. We have
‖(g1, g2)x‖ = dH2(g1xg−12
√−1,√−1)
= dH2(g
−1
2
√−1, x−1g−11
√−1)
≥ |dH2(g−12
√−1,√−1)− dH2(
√−1, x−1g−11
√−1)|
=
∣∣∣‖g1x‖ − ‖g2‖∣∣∣.
Moreover, we have∣∣∣‖gg′‖ − ‖g‖∣∣∣ = |dH2(gg′√−1,√−1)− dH2(g√−1,√−1)|
≤ dH2(gg′
√−1, g√−1)
= dH2(g
′
√−1,√−1)
= ‖g′‖,
for any g, g′ ∈ SL2(R), hence∣∣∣‖g1‖ − ‖g2‖∣∣∣ ≤ ∣∣∣‖g1‖ − ‖g2‖+ (‖g1x‖ − ‖g1‖)∣∣∣+ ∣∣∣‖g1x‖ − ‖g1‖∣∣∣
≤
∣∣∣‖g1x‖ − ‖g2‖∣∣∣+ ‖x‖.
Thus
∣∣∣‖g1x‖ − ‖g2‖∣∣∣ ≥ | ‖g1‖ − ‖g2‖ | − ‖x‖ holds. Therefore, we obtain ‖(g1, g2)x‖ ≥∣∣∣‖g1‖ − ‖g2‖∣∣∣− ‖x‖.
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Fact 8.8 ([KK16, Def-Lem. 4.20]). Let Γ be a discontinuous group acting on AdS3, and
we set
DΓ\AdS3 := {x ∈ AdS3 | for any γ ∈ Γ, ‖γx‖ ≥ ‖x‖}.
This is a fundamental domain of AdS3 for the action of Γ. In particular, we have
ΓDΓ\AdS3 = AdS3.
Therefore, we may assume x ∈ DΓ\AdS3 to study NΓ(x,R).
Lemma 8.9 (cf. [KK16, Lem. 4.21]). For any x ∈ DΓ\AdS3 and any γ = (γ1, γ2) ∈ Γ,
‖γx‖ ≥ 1
2
∣∣∣‖γ1‖ − ‖γ2‖∣∣∣.
Proof of Lemma 8.9. Let γ ∈ Γ and x ∈ DΓ\AdS3 . If ‖x‖ ≥ 12
∣∣∣‖γ1‖ − ‖γ2‖∣∣∣, then by the
definition of DΓ\AdS3, we have
‖γx‖ ≥ ‖x‖ ≥ 1
2
∣∣∣‖γ1‖ − ‖γ2‖∣∣∣.
If ‖x‖ < 1
2
∣∣∣‖γ1‖ − ‖γ2‖∣∣∣, then by Lemma 8.7, we have
‖γx‖ ≥
∣∣∣‖γ1‖ − ‖γ2‖∣∣∣− ‖x‖ ≥ 1
2
∣∣∣‖γ1‖ − ‖γ2‖∣∣∣.
Lemma 8.10. For any natural number R, we have
#
∞⋃
m=1
{(k1, k2, . . . , km) ∈ Zm≥1|
m∑
i=1
ki ≤ R} = 2R − 1.
Proof of Lemma 8.10. There exists a one-to-one correspondence between the set
∞⋃
m=1
{(k1, k2, . . . , km) ∈ Zm≥1|
m∑
i=1
ki ≤ R},
and Z ∩ [1, 2R − 1]. Indeed, an element (k1, k2, . . . , km) of the former set corresponds to
the binary number 1 0 . . . 0︸ ︷︷ ︸
k1−1
1 0 . . . 0︸ ︷︷ ︸
k2−1
. . . 1 0 . . . 0︸ ︷︷ ︸
km−1
which is an element of the latter set.
Proof of Theorem 8.6. Corollary 5.10 and Proposition 7.3 imply Theorem 8.6 (1). We
prove (2). Let Γ be Γν(a1, a2, r, R) in Example 5.12 (1). By Proposition 5.8, we can take
ν ∈ Z>1 large enough so that for any γ ∈ F∞−ν \ {e} of which the reduced expression is
γs1k1γ
s2
k2
· · · γsmkm with si = ±1,∣∣∣1
2
(‖j(γ)‖ − ‖ρ(γ)‖)−
m∑
i=1
ki
∣∣∣ ≤ (m+ 8).
Let x ∈ DΓ\AdS3 . If (j(γ), ρ(γ)) ∈ Γ(x,R) (see Section 6 for the notation), then
1
2
∣∣∣‖j(γ)‖ − ‖ρ(γ)‖∣∣∣ ≤ R by Lemma 8.9. Therefore, we have m∑
i=1
(ki − 1) ≤ R + 8 and the
number of such (k1, k2, . . . , km) ∈ Zm≥ν , (m ∈ Z≥1) is at most 2R+8−1 by Lemma 8.10. We
also havem ≤ R+8. By considering γ = γs1k1γs2k2 · · · γsmkm with si = ±1, (1 ≤ i ≤ m(≤ R+8))
and the identity element, we obtain NΓ(x,R) ≤ (2R+8− 1)2R+8+1 ≤ 22R+16. Finally, (2)
and Fact 8.1 imply (3).
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